We consider the following mixed type cubic and quartic functional equation
Introduction
In 1940, Ulam [1] asked the fundamental question for the stability for the group homomorphisms.
Let ( 1 , * ) be a group, and let ( 2 , ⬦, ) be a metric group with the metric (⋅, ⋅). Given > 0, does there exist a ( ) > 0 such that if a mapping ℎ: 1 → 2 satisfies the inequality (ℎ ( * ) , ℎ ( ) ⬦ ℎ ( )) <
for all , ∈ 1 , then there is a homomorphism : 1 → 2 with (ℎ ( ) , ( )) <
for all ∈ 1 ? In other words, under what conditions, does there exist a homomorphism near an approximately homomorphism? In the next year, Hyers [2] gave the first affirmative answer to the question of Ulam for Cauchy equation in the Banach spaces. Then, Rassias [3] generalized Hyers' result by considering an unbounded Cauchy difference, and this stability phenomenon is known as generalized Hyers-Ulam-Rassias stability or Hyers-Ulam-Rassias stability. During the last three decades, the stability problem for several functional equations has been extensively investigated by many mathematicians; see, for example, [4] [5] [6] [7] [8] [9] and the references therein. We also refer the readers to the books [10] [11] [12] [13] .
In [14] , Jun and Kim introduced the following functional equation
It is easy to see that the function ( ) = 3 satisfies the functional equation (3) . Thus, it is natural that (3) is called a cubic functional equation and every solution of the cubic functional equation is said to be a cubic function. In [14] , Jun and Kim established the general solution and the generalized Hyers-Ulam-Rassias stability for (3). They proved that a function :
→ between real vector spaces is a solution of the functional equation (3) if and only if there exists a function : × × → such that ( ) = ( , , ) for all ∈ and is symmetric for each fixed one variable and is additive for fixed two variables.
In [15] , Lee et al. considered the following quartic functional equation → between real vector spaces is said to be quadratic if it satisfies the following functional equation
for all , ∈ , and a function : × → is said to be bi-quadratic if is quadratic for each fixed one variable (see [8] ). The following mixed type cubic and quartic functional equation was introduced by Eshaghi Gordji et al. [16] ( + 2 ) + ( − 2 )
It can be verified that the function ( ) = 3 + 4 satisfies the functional equation (6) . In [16] , the authors obtained the general solution and the generalized Hyers-Ulam-Rassias stability of (6) in quasi-Banach space. The literature on the stability of the mixed type functional equations is very rich; see [17] [18] [19] [20] [21] [22] .
In the present paper, we extend (6) and consider the following functional equation
where is a fixed integer. One can see that the functional equation (6) is a special case of (7) when we take the integer = 2.
In 2003, Radu [23] noticed that the fixed point theorem, which was established by Diaz and Margolis [24] , plays an important part in solving the stability problem of functional equations. Subsequently, this method has been successfully used by many mathematicians to investigate the stability of several functional equations; see, for example, [21, 25, 26] and the references therein.
In this paper, we first establish the general solution of functional equation (7) when the integer ̸ = 0, ±1 and is a mapping between vector spaces. Then, by using the fixed point method, we prove the generalized Hyers-Ulam-Rassias stability of the functional equation (7) when the integer ≥ 2 and is a mapping from the normed space to the Banach space.
Solution of the Functional Equation (7)
Recall form [14, 15] that every solution of the cubic functional equation (3) and the quartic functional equation (4) is said to be a cubic function and a quartic function, respectively. In this section, we investigate the general solution of the mixed type cubic and quartic functional equation (7) . Throughout this section, let and be two real vector spaces, and we always assume that the integer in the functional equation (7) is different from 0, −1, and 1. Before proving our main theorem, we first give the following two lemmas.
Lemma 1. If an odd mapping :
→ satisfies (7), then is cubic.
Proof. Note that, in view of the oddness of , we have (0) = 0 and (− ) = − ( ) for all ∈ . Letting = 0 in (7), we get
for all ∈ . Applying (8) to (7), we obtain
for all , ∈ . Replacing by + in (9), we get
for all , ∈ . Now, if we replace by + in (9) and use (8), we see that
for all , ∈ . Interchanging with in (11) and using the oddness of , we get the relation
for all , ∈ . Then, subtracting (12) from (10), one has
for all , ∈ . Now, replacing by − in (13) and noting that is odd, we have
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for all , ∈ . Replacing by 2 in (9) and using (8), we get
Applying (9) and (16) to (15) yields that
for all , ∈ . Thus, the mapping : → is cubic. This completes the proof.
Lemma 2. If an even mapping :
→ satisfies (7) for all , ∈ , then is quartic.
Proof. In view of the evenness of , we have (− ) = ( ) for all ∈ . Putting = = 0 in (7), we get (0) = 0. Then, let = 0 in (7), we obtain
for all ∈ . Combing (7) and (18) implies the following equation
for all , ∈ . Replacing by + in (19) and note that is even, we get
for all , ∈ . Replacing by + in (19) and using (18), we get
for all , ∈ . Interchanging the roles of and in (21), we obtain
for all , ∈ . If we subtract (22) from (20), we obtain
for all , ∈ . Replacing by − in (23), we get
for all , ∈ . If we add (23) to (24), we have
for all , ∈ . Replacing by 2 in (19) and using (18), we get
for all , ∈ . Applying (19) and (26) to (25), we obtain that 
for all , ∈ . Therefore, the mapping : → is quartic and the proof is complete. Now, we are ready to find out the general solution of (7). Proof. First, we assume that there exist a symmetric multiadditive mapping :
× × → and a symmetric bi-quadratic mapping : × → such that ( ) = ( , , ) + ( , ) for all ∈ . We need to show that the function satisfies (7) . By a simple computation, one can obtain that the function → ( , , ) satisfies (7). Thus, to show that the function satisfies (7), we only need to show that the function → ( , ) also satisfies (7); namely,
for all , ∈ . Since : × → is a bi-quadratic mapping, it can be verified that
for all integer and all , ∈ . Then, (28) becomes
To establish (28), it suffices to show (30). Note that if (30) holds for some integer , then so does − . Thus, in the following, we will show that (30) holds for all positive integers with ≥ 2 and all , ∈ . To do this, we use induction on . Fix any , ∈ . In the case when = 2, we have 
This means that (30) is true for +1, and we have showed that the function → ( , ) satisfies (7). Therefore, the mapping : → satisfies (7). Conversely, we decompose into the odd part and the even part by putting
for all ∈ . Then, ( ) = ( ) + ( ) for all ∈ . It is easy to show that the mappings and satisfy (7) . Hence, it follows from Lemmas 1 and 2 that the function is cubic and is quartic, respectively. Therefore, there exist a symmetric multi-additive mapping :
× × → such that ( ) = ( , , ) for all ∈ (see [14, Theorem 2.1]) and a symmetric bi-quadratic mapping : × → such that ( ) = ( , ) for all ∈ (see [15, Theorem 2.1]). Hence, we get ( ) = ( , , ) + ( , ) for all ∈ . The proof is complete.
Generalized Hyers-Ulam-Rassias
Stability of the Functional Equation (7) In this section, we will investigate the stability of the functional equation (7) by using the fixed point alternative. Throughout this section, let be a real normed space and be a real Banach space, and we always assume that the integer used in the section is greater than or equal to 2. For convenience, we use the following abbreviation for a given function : → :
for all , ∈ . Let us recall the following result by Diaz and Margolis.
Proposition 4 (see [24] 
for all , ∈ . If there exists a constant 0 < < 1 such that 
for all , ∈ . Letting = 0 in (38) and replacing by , we have
